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ABSTRACT

A semi-empirical theory is presented for the
design of model rocket motors that use Black
Powder for fuel. By choosing the values of a
few adjustable parameters, a hobbyist can
construct motors that perform satisfactorily
without extensive or dangerous trial and error.
Formulas are given for calculating the nozzle
diameter, the combustion chamber height, and
such performance descriptors as specific im-
pulse and average thrust for any size of model
rocket motor.
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Introduction

For a beginner, building model rocket mo-
tors without any technical knowiedge is a haz-
ardous pursuit. Because of this, the compelti-
tion rules of the international model rocket
association, Federation Aeronautique Interna-
tionale (FAI), prohibit the use of any motors
that do not meet certified safety standards.
Usually, the only motors that qualify are
commercial ones. And even they can be dan-
gerous if they are modified by the modeller or
they are not used according to the manufac-
turer’s instructions. Experimental model rocket
motors of any kind introduce considerably
higher risks. And those that are constructed
only “by the seat of one’s pants” are disasters
waiting to happen. In order to use factory-
made or hand-made motors with maximum
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safety, one must thoroughly understand and
conscientiously apply the principles of rocket
propulsion.

Theory

We will develop a semi-empirical theory"

for the most common form of model rocket
motor, namely one in which a solid fuel is
compressed or molded into a cylindrical cas-
ing. Although the theory is quite general and
applies to any cylindrically-shaped solid fuel,
we will cite the adjustable parameters in
ranges that pertain to Black Powder only.

The theory centers around two unitless pa-
rameters, fra. and fui,, Which effectively tailor
the internal geometry of the rocket motor to
the power of the particular fuel. Or, alterna-
tively, they specify what strength of fuel
should be used for a fixed internal shape. The
first parameter f,,,, is the ratio of the maximum
burning area to the nozzle area. It can be as
low as 44 for high-power, military-quality
Black Powder, or it can be as high as 100 or
more for haphazardiy-mixed, hand-made meal.
The other parameter, f,,, compares the area of
minimum burning to the area of the nozzle. It
ranges from 18 to 50.

The two numbers can be optimized with
extensive testing, but in practice, they usually
lead to acceptable rocket performance if they
each can be determined within +10 of their
ideal values. And this can be accomplished
with only a few test motors. One either
chooses values for several f,, and fu, pairs
based on an estimate of the fuel's power, then
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makes prototype motors corresponding to each
pair to see which works best. Or, for an ex-
isting set of rocket-making tools, one adjusts
the fuel mixture to get fia and f,, values
which match the tools’ geometry. Either way,
an amateur rocket builder can design reliable
motors with 2 minimum of trial and error.

Combustion Intervals

The performance of a motor over time can
be divided into two intervals: (1) the lift-off
interval, where the motor develops the neces-
Sary surge of thrust to get itself and its payload
off the ground, and (2) the end-burning inter-
val, where the motor maintains its upward
movement with a steady thrust. The effects of
these two intervals can be visualized in Figure |
where the thrust of this type of model rocket
motor is plotted against time.

Thrust

End-burning Region

Time

Figure 1. Combustion intervals Jor a solid-fuel
rocket motor with a hollow combustion cavity.

The Lift-Off Region

The amount of thrust that a burning fuel
can supply is directly proportional to the sur-
face area of combustion. If a rocket motor is
fueled with nothing more than a solid cylindri-
cal mass of Black Powder, it only has the cir-
cular cross-sectional area of the cylinder as its
burning surface. And an area thar smail is of-
ten insufficient to provide the requisite lift-off
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thrust. Thus, a hollow cavity of some shape is
usually made in the fuel cartridge in order to
increase the initial surface area of combustion.

Ignition causes burning over this larger
cavity surlace. As the combustion progresses,
fuel is consumed. Consequently, the size of
the cavity becomes larger still, and the burning
surtace grows. Greater volumes of gas are
forced through the nozzle, and the rocket is
propelled upward by ever-increasing  forces.
At some point, however, the burning surface
becomes as large as it possibly can. This is the
point that defines Juass the ratio of the maxi-
mum combustion arex Awir and the nozzle area
A

A

Soae = =25 (1)

Iz

Cylindrical Cavity

Consider the case where the rocket motor
has a cylindrical combustion cavity. Let the
motor have an inside diameter d, a cavity
height he,, and a nozzle diameter (Figure 2).

:
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Figure 2. Cross section of a rocket motor with
a cylindrical combustion cavity.
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On ignition, the fuel begins to burn away from
the cavity’s initial surface. We assume that it is
consumed in parallel, equidistant layers. When
it has burned outward (and simultaneously up-
ward) a distance, r="Y(d-n), it cannot £0 any
farther laterally, At that moment it reaches its
maximum combustion area. This surface is the
sum of the area above the nozzle, the area of
the rounded edges', and the area of cylindri-
cal sides. Thus,

 n .
AI,I“=—4—-+ ol 4 el +ndh,,
L 5

[T E - 4

and

8r'+2nnr+4 dh,

n

-fnmx il +

(3}

From this, we find the height of the combus-
tion chamber:

b,y = N fg _3”)4-(1-5}7 @

where at=d/n is the important ratio of casing
diameter to nozzle diameter.

As we shall see in equation 21 below,a’ =f
is the other principal parameter. Thus,

Ao =21 = 347) (i3
vl 4fmm * ]-4 "o

Whether or not the fuel burns n a precise
parallel manner, as we have assumed, does not
matter. The reason is the semi-empirical way
in which f,., and Juw are treated. Their values
are chosen, based on some guidelines and on
some testing. Therefore, when such experi-
mentally-adjusted parameters are used in the
formula, the resulting chamber height becomes
45 accurate as the user wants it to be.

Conical Cavity

If the spindle tool has a slight taper (for
easier removal after ramming), then the com-
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Figure 3. Cross section of a rocket motor with
a conical combustion cavity.

bustion cavity becomes the frustrum of a cone
as in Figure 3. Here, the height of the cavity is
R, and the narrower diameter at the top of
the cavity is 8. The maximum combustion area

Ay, in this case, is
b r)
+
2

&’
n(d’ -x?) (2hm,,)’
BV A d—x ©

=2 rt s
A-n:n 4 (nr

where
K=2r+§ {7)

The height of the conical combustion chamber
is

2d(n-8)-(n-8) ]J
(8)
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But we have specified that the conical taper is
gradual. Therefore, the quantity #n-4, is small,
and the formuia can be simplified considerably
by ignering the (n-8)’ term and the 1. The
resulting approximate chamber height is

h o Do 87 -2d—nfd —n+1/2n5)
o 4-f;nin B 4 d

9

This approximation gives values that differ
from equation 8 by, at most, only a few tenths
of a miilimeter. And since Jou and £, will be
adjusted experimentally anyway, such differ-
ences are insignificant.

As in the cylindrical case, these semi-
empirical formulas remain useful even though
there may be flaws in the motor’s geometry or
unevenness in the fuel’s burning.

The End-Burning Region

When the combustion of fuel has reached
far enough up the cartridge so that the burning
surface is essentially the fiat Cross-sectional
area of the rocket tube, the thrust remains con-
stant until the fuel is exhausted. Under these
conditions, many important properties of the
motor can be calculated. The necessary for-
mulas are derived from the thermodynamics of
the fuel and of its combustion products, and
they contain other adjustable parameters. A
fundamental explanation of thermodynamics
is, of course, beyond the scope of this paper.
But we will use only two abstract quantities
that would require such explanations.

The first of these is &, the “heat-capacity
index” for the combustion products. For solid
fuel mixtures, this index has been found! to
be of the form

T 0017
k =130 (2—7'5) (10)

where 7, is the absolute temperature of the
combustion chamber. For commercial Black
Powder, 7. can be taken as 2300 K. T, ranges
from 1150-2300 K for other mixtures. But &
does not vary much (1.21 t0 1.24).
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The other is the “gas parameter” for the
combustion products R (in 1/kg:K). It can vary
greatly for fuels with potassium nitrate as the
oxidizer. R is related to the power (or energy
content) of the fuel £:

E

R:Ff

(11)

And since E has values™ in the range of 230-
280 kl/kg for Black Powder, the resulting R's
can be anywhere from 100 to 160.

With these two parameters calculated, we
¢an now derive some of the quantities that de-
scribe the rocket motor’s performance.

The whole point of rocketry is to create a
Eas pressure P, in the combustion chamber that
is large enough to move the motor but not
large enough to cause an explosion. P. (in Pa)
can be found with the formula

. m”fRT(’.

. "b. Almz (]2)

Wwhere the parameter 4 is a function®® of k-

(13)

Since k is nearly constant, so js b; it only var-
ies between 0.651 and 0.656.

In equation 12, m, is the mass of fuel (in
kg) to be consumed in the motor, and ¢ is the
time (in s) that the motor wilj operate. One of
these two numbers is chosen by the motor de-
signer. The other is then specified within the
following calculations:

The combustion velocity U, in m/s, (which
depends on P, ) is

U=U/(Px10%) (14)

where U, the combustion velocity at (0.1 MPa
(1 atm), varies from 8.8-12 } mm/s {0.0088-
0.0121 m/s), and v, the pressure exponent,
ranges from 0.5 to 0.24. U/, and v can he taken
as 12.1 and 0.24, respectively. for commercial
Black Powder. The end-burning area A, is
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then found as a function of U and of the dep-
sity of the fuel p:

(15)

The fuel density depends on how the rocket
motor is constructed (see Table I).

Table 1. The Density of Black Powder Fuel
Resulting from Various Construction
Techniques.

Fuel Compaction Method

p (glcmal

Ramming .. ...]12-13
Screwpress S P o
Hydraulic press 1.5-1.8

The specific impulse I, in s is the standard
measure of a rocket’s power. It is calculated
with the formuia

1 2k
» = Va_pR(-1) (16)

where g is the gravitational constant, 9.8 m/s’
and 7, is the temperamre of the combustion
gases after they have escaped the nozzle

]

(7
T,=T n (17)

and where P, is taken as atmospheric pressure,
or 0.1 MPa (1 atm).

The average thrust or propulsion force F, _,
inN, is

mgl,
Re=—2 (18)

The total impulse 7, is of great importance
In classifying the motor for FA[ competition:

I 9

o

:’E!w.-:mfgl

kT
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Finally, the nozzle diameter can be caicu-
lated in terms of £, the ratio of the minimum
combustion area A, =A.,, = %nd" to the nozzle
area A, = %', Thus,

1
n=d [— 20)
1 -fl-'l "

This verifies the assertion that we made earlier
in the formulas for the heights of the vari-
ously-shaped combustion chambers:

o = 51; == fid @21
n

We have now presented everything neces-
sary for anyome to design a Black-Powder-
fueled, model-rocket motor, We summarize,
in Table 2, all the adjustable parameters used
it this theory together with workable upper
and lower bounds for their Black Powder val-
ues. These values are given in SI units, but
any consistent set of units may be used.

Sample Calculations

Suppose we wish to design a rocket motor
with an inside diameter of 0.012 meters (half
an mch), and we want it to operate for 2 sec-
onds. We aniicipate, of course, that different
fuel mixtures will produce different results. To
get a feel for the possibilities, let us calculate
the properties of two example motors using
Black Powder of vastly disparate power. In the
first example, we will use some very good
commercial Black Powder, perhaps military
surplus, for which all the values in the last
column of Table 2 apply. We will compact it
with a hydraulic press so that it will attain a
density of 1720 kg/m’. In the second example,
we will use hand-made meal that has the pa-
fameters given in the next-to-last column of
Table 2 (except £,,, will be taken as 36). We
will ram it by hand to a density of only 1270
kg/m’,
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Table 2. The Semi-Empirical Parameters Appearing in This Theory and Their Variations

Depending on the Quality of Black Powder Used as Fuel,

Parameter Symbol | iy | oo orace

Maximum area ratio Fons 100 44
Minimum area ratio fur 50 18
Com'bustion temperature (K) T, 1150 2300
Energy content of fue! (J/kg) E 230,000 280,000
Combustion rate at 1 atm (m/s) U, 0.0088 0.0121
Pressure exponent \" 0.5 0.24
Density of the fuel (kg/m’) b (see Table 1)

Table 3. Calculated Resuits for a 12 mm Motor that Operates for 2 Seconds on

(1) Commercial Black Powder Compressed to a Densit

(2) Hand-Made Powder Rammed to a Density of 1.27 g/cm’,

y of 1.72 g/em’, or

Calculated Quantity Symbol | Example 1 Example 2

Heat capacity index k 1.21 124
Gas Parameter (Jkg-K) R 100 161
Nozzle diameter (mm) n 2.83 2.00
Height of cylindricat cavity (mmy) by 1.96 2,77
Height of conical cavity from eqgn. 8 (mm) b, 219 2.94
Height of conical cavity from eqn. 9 {mm) h.., 217 292
Ratio of casing diameter to nozzle diameter o 424 6.00
Mass of fuel (g) m; 6.1 6.1
Pressure in combustion chamber (MPa) P, 0.358 0.637
Combustion velocity (mmys) U 16.4 222 |
Specific impulse (s) I, 74.0 77.4
Total impulse (N s) i, 443 463
Average thrust (N) E,. 2.21 2.31

Table 3 gives the results of the calculations.
The heights of both cylindrical and conical
cavities are determined in each example. (For
the conical cases, & was taken as 0.9 n). Note
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that in both examples, the heights of the coni-
cal cavities are greater than the cylindrical
ones. That is to be expected since it takes a
taller cone to have the same area as 2 cylinder
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with an equal base. But the differences in
height are not ali that large. Indeed, for most
conical cavities of gradual taper, adjusting the
semi-empirical parameters in equations 8 or 9
or even in (cylindrical) equation 5 will lead 1o
motors that are just as good. Note also that,
although the motor in Example 2 has the
poorer fuel, the combination of a smaller noz-
zle diameter and a larger combustion cavity
give it superior performance. The greater fuel
density in the Example 1 motor, however,
makes it the more reliable of the two.

Conclusion

This theory suppiies the necessary know-
how for educated amateurs to design Black-
Powder rocket motors, whether large or smail.
And, after building and testing only a few
prototypes, it allows them to produce model
rockets that perform to their satisfaction.

Here is the procedure: Estimate the in-
tended fuel’s power, and choose an initial set
of parameters from Table 2. Construct three
test motors. Buiid the first with Jow €qual to
the original guess. Make the other two with
Juae +10 and £, -10, respectively. Leave all
the other parameters, including f,.., the same.
Test these motors. Since their performance is
uncertain, do it under conditions of great pru-
dence and extreme caution; that is, aliow for
the worst possibie failure in any one moior or
in ail three. See which of them performs best,
If that one is satisfactory, the testing phase is
complete. If not, test further motors, and focus
in, with ever increasing safety and predictabil-
ity, on ideal performance.

The process is simpie and secure. Oniy the
first motors need be an adventure mto the un-
known. And in the end, anyone can thrill to
the lift-off and flight of their own rocket,
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